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Abstract— This paper deals with the scattering of time harmonic flexural waves by a through crack
in a conducting plate under a uniform magnetic field normal to the crack surface. This study is
based on Mindlin’s theory of plate bending for magneto—elastic interactions under a quasistatic
electromagnetic field. It is assumed that the plate has finite and electric conductivity, and the electric
and magnetic permeabilities of free space. An incident wave giving rise to moments symmetric about
the crack plane is applied in an arbitrary direction. Fourier transforms are used to reduce the mixed
boundary value problem to one involving the numerical solution of Fredholm integral equations.
The dynamic moment intensity factor vs frequency is computed and the influence of the magnetic
field and the angle of incidence on the normalized values is displayed graphically. © 1998 Elsevier
Science Ltd.

1. INTRODUCTION

Recently, great interest has been shown in the dynamic crack problems of magneto—
elasticity. The study of these problems is motivated by their importance in the field of
applied super-conductivity. The dynamic behavior of a cracked electrically conducting
elastic plate is sufficiently affected by the presence of the strong magnetic field. Shindo et
al. have considered the scattering of time harmonic flexural waves by a through crack in a
conducting plate under a uniform magnetic field normal to the crack surface for two
special cases, perfect conductivity (Shindo et al., 1993) and quasistatic electromagnetic field
(Shindo et al., 1995}, which are of physical interest.

The present paper presents the scattering of time harmonic flexural waves by a through
crack in a conducting Mindlin plate under a uniform magnetic field to show the effect of
magnetic damping by induced current on the wave motion. Mindlin’s theory of plate
bending (Mindlin, 1951) for magneto—elastic interactions in conducting bodies, which
accounts for the rotatory inertia and shear effects, is applied. The plate is engulfed by a
uniform magnetic field directed normal to the crack and subjected to incident waves that
generate vibratory motion in the transverse direction of the plate. Although the solutions
of the present paper concern, in principle, the quasistatic electromagnetic field, they can be
used to obtain approximate appraisal of the influence of finite electric conductivity, A
solution of the magneto—¢lastic crack problem is obtained by the method of dual integral
equations and the result is expressed in terms of a Fredholm integral equation of the second
kind that is amenable to numerical calculations. Numerical solutions are obtained for the
dynamic moment intensity factor, and are displayed graphically as the parameters of the
frequency, the magnetic field and the angle of incidence are varied.

2. MAGNETO-ELASTIC INTERACTIONS AND MINDLIN PLATE BENDING

We consider an electrically conducting elastic plate of thickness 24 with finite electric
conductivity. The coordinate axes x and y are in the middle plane of the plate and the z-
axis is perpendicular to this plane. It is assumed that the plate has the electric and magnetic
permeabilities ¢ = £, = 8.85x 1072 F/m, x = x, = 1.26 x 10~° H/m. respectively, with g,
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and k, being the free space permeabilities. The conducting plate is permeated by a static
uniform magnetic field Hy,. We consider small perturbations characterized by the dis-
placement vector u produced in the plate. The magnetic field may be expressed in the form

H = H,+h,
E=0+e, (1)

where H and E are the magnetic and electric field intensity vectors, and h and e are the
fluctuating fields and are assumed to be of the same order of magnitude as the particle
displacement u.

Neglecting displacement currents compared to the conduction currents, we have the
following linearized field equations (Dunkin and Eringen, 1963):

curle = —x,h,, (2
curlh = j, 3
divh = 0, (4)
dive =0, %)

T ixx + o-vx,_v + Ozv.z + (j X BO),\’ = PUy s

U,\,l'..\’ + O’,\‘)’,_\’ + O-:,l“z' + (j X BO )y = puy.m

6\':_‘\ + a'yz,v + az:..z + (j X BO)Z = pu:.us (6)
where a comma denotes partial differentiation with respect to the coordinate or the time
t, j is the current density, B, = x,H; is the magnetic induction, p is the mass density,
(0.1, G5y, 02,0y, = 0,0, = 0.,,0., = 0,.) are the elastic stress components, and (u,, u,, u.)

are the components of u. In a moving conductor the current is determined by Ohm’s law
as

j=o(e+u,xBy), Y

where ¢ is the electric conductivity. The mechanical constitutive equations are taken to be
the usual Hooke's law

O = Al cFu, +u. ) +2uu,

o, = A, +u, ,+u)+2uu,,,

0. = Ao+, tu)+2uu. .,

Oy = plu,, +u,.),

0, = pu, - +u.,),

0y = U +u,), (8)

where A, y are the Lamé constants. Outside the plate the external fields are solutions of
curle® = —x,h, ®
curlh® = 0, (10)

divh® = 0, (an
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dive® =0, (12)

where the superscript e denotes the external value of the quantity so labeled.
From eqns (2)~(7), we have the field equations:

e.,—e,, = —Kyhy, (13)

e, —e., = —Koh,,, (14)

e —€, = —Koh,, (15)
h.,—h,.=dle,+ro(Ho.u,, —Hou.,)], (16)
hy.—h..=ole,+ro(Hou.,—Hyu,,)l, an
hy—hy, = ole.+xo(Hou . — Hosu, )], (18)
Ao +h,, +h..=0, (19)

e..te, +e, . =0, (20)

O-x.\zx + a,\'y.y + sz,z = pu.\‘.rt + 6{ - KOHOZel' + KOHOvez + K(z)[(H(z) + Hgy)ux,[ - HO.\'HO:uz.I
——HOxHOqu'.I]}J (21)

Oyx + Opyy + Oy = PUL + 6{ - KOH()xe: +roHoe + Ké[(H[z)\ + H(%:)uy,r - HOxHol'ur.l
- HO_VH(]zu:J]} 1 (22)

O-xz,x + O-,vz.y + a::.z = puz,lt + O-{ - KO HOyex + Ko HO \'ey + K% [(H%x + H(z)y)u:,l - HD_}'H()zuv,t
—HOXH()qu\‘,I]}y (23)
where (H,,, H,,, Hy.), (e,, e, e;) and (h,, h,, i) are the components of H,, e and h.

If the conducting plate is set into steady-state motion by the propagating flexural
waves, the rectangular components of the displacement vector may assume the forms

U, = Z\y.\'(xaya t)’ uy = Z\P,r(X,,V, t)s U, = le(xﬂ Vs t)' (24)

The normal displacement of the plate is ¥, and rotations of the normals about the x- and
y-axes are denoted by ¥, and '¥,. By using the theory of magnetoelastic plate bending
{(Ambartsumian et a/., 1971, 1975), the x, y-components of e and the z-component of h may
be expressed as follows :

ex = @00, e =y, h=[flxy1), (25)

in which ¢, , fare the functions of x, y, t. Substituting eqns (24) and (25) into eqns (16),
(17) and (20) yields

hx‘: =f.x +0'[¢ + Ko (HOX‘YZ.I —ZHO:LP.\‘,I)]’ (26)
h}u: = f‘ - O-[q) — Ko (Hl)y‘Pz,l - ZHOzle,l)]’ (27)
.= —@.— Y, (28)

The linearized electromagnetic boundary conditions are also obtained as
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ho(x,y, 2 ht) = hi(x,p, £ h. D),
h(x,y, £h, 1) = k(x,p, £h,1),
SOy, t) = h(x,y, £ h,0), (29)

qo(x,y, t) = ei‘(xsyv ihs t)s
V(x,py,t) = ey(x,y, £ht),
e.(x,y, £ht) = ex,y, £ ht). (30)

Taking into account the boundary conditions (29) and (30) and integrating the rep-
resentations (26)—(28) with respect to z, we obtain the remaining electromagnetic field
components as

by h D+ h(xy, —h 1)

h, 3 tz[f o +roHo Y, )]
22— h?
-~ LN 7
UKOHOZ 2 XL
h(x, v, h,tY+h,(x,y, —h,t
h_v = —= ( y ) 2 y( )/ ) +z[f:y_a(w_KOHO_le:,!)]
L2 p2
—oKkyH,, —T' q’y.n 30

e.(x,y.h,)+e.(x,y, —h 1)
€, = 2

—2(p.+¥,). (32

Therefore, all the electromagnetic field components are represented by means of the six
desired functions ¢, ¥, f, ¥.. ¥,, .. Substituting eqns (24) and (25) into the eqns (26),
(27) and (15), and integrating the equations with respect to z from — 4 to A, we have

h.x(X,y, h: t) '_hx(xay7 -h’ l)

/:.r+a(¢+KOH0x\P:J) = 2 (33)
hix,y,h,t)—h,(x,y, —h,t

S0l —koHy ¥, = 2B OIS ZHD, (34)

w.\‘_w,}' = _'KQf.r' (35)

The bending and twisting moments per unit length (M, M,, M, = M, ) and the
vertical shear forces per unit length (Q,, Q,) can be expressed in terms of ¥, ¥, and ¥, as

]
M, = J zo. . dz = D(¥Y, . +vY¥,,),

h 1 .
ZO’.\{V dZ = .(_?L) D(lp_v,\- + q’x‘y)’ (36)
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15

h

Q.\‘ = J Ox: dZ = Z[" luh(\Pz,x +l{l,\’)s
_h 6
h 2

Q, = J 0,.dz =" uh(¥., +¥,), (37
—h

where D = 4uh*/3(1 ) is the flexural rigidity of the plate and v is the Poisson’s ratio. The
stress boundary conditions on the plate surfaces are

Or:

=0.=0.=0 (z= %), (38)

Now if we multiply eqns (21) and (22) by zdz and integrate from —# to A, taking into
account the boundary condition (38), we shall obtain the results

2
M.\'.\',,\‘ + Mxy,)" - QZr = i- ph3‘Px.ll — My, (39)

[FO RIS 07

M, . +M, . —Q, ==ph’¥,, —m,. (40)

The moments m,, and m,, are derived as

2
My, = — 3 O-K()h3 {KO [(H(z): + H(z]v)\P,\'.l - HO.\*HO)'LPy.II - H()y((P,x + w\)} »
2
m,)‘,\‘ = - 5 O'Koh3 {KO[(H(z),\ + ng)‘{ly.l - HO/\‘HOJY\IJ.\,I] - HO.r(‘P,\’ + l//1)} . (4])

If eqn (23) is multiplied by dz and integrated from —#A to 4, taking into account the
boundary condition (38), we obtain

Q.\’.,\’ + Q,\/.r = 2}1[)‘1’;.” -{. (42)
The load g applied to the plate is derived as
g = 2hoK, [Ho,v(ﬂ —Hy i — Ko (H(Z)x + H(z)y)"P:,r]- (43)

Substituting eqns (36) and (37) into eqns (39), (40) and (42), we have the equations of
motion for a Mindlin plate under the influence of magnetic field

S 4n? 6
E [(1 - V) (‘Px.x‘( + lP,\“vy) + (] + v)(l)‘x] - lP.\’ - \Pz.x = 7.7£ qj.\',[r - A7—‘* m,., (44)
nou n”ph
S 4h* 6
S0 = (¥ AW+ (L0, -, — ., = =2 2o 4)
nu n°uh
4h’p 1 6
l}’:.,\'x + ‘P: wt D = - 5 ‘Pz [ g, (46)
533 ~ R i 5
T T~ (h
in which
=W, 4V, (47)

The rotatory inertia and transverse shear effects are associated with R and § as given by
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W 6D
R=—, S= .
3 n° ph

(48)

3. PROBLEM STATEMENT AND METHOD OF SOLUTION

Consider an electrically conducting Mindlin plate having a through crack of length 2a
as shown in Fig. 1. The crack is located on the line y = 0, |x| < a and the cracked plate is
permeated by the magnetic field (H,, = Hy, Hy, = H,, =0) of magnetic induction
B, = k,H, normal to the crack surface. Incident waves giving rise to moments symmetric
about the crack plane y = 0 are applied in an arbitrary direction.

Assuming a quasistatic electromagnetic state which is realized by cancelling the term
£, and retaining other time derivatives in eqns (33)-(35), and neglecting the moments m,,
and m,, in eqns (44)—(46), we obtain

hx(X,,V, h’ t) _hx(x; ,V, ——h, t)

hv(x’ s ha t) —h ‘(xvy’ _h9 t)
fo—olp—koHy¥.,) = == E o , (0)
l/’.x - (pw = Oa (51)
S 4h*
I (Fae P+ (10O, ¥, = Py,
2 > nzu
S . 4h?
St )+ 400, =%, =0,
4hp 1 120x,H 12
VoA ¥, 40 ==L, - TR O Hy Y, (52)
T p U i u
The incident waves are expressed as follows:
¥, =¥, exp{—i[k(xcosy+ysiny)+wi]},
¥, =¥, exp{—ilk(xcosy+ ysiny)+wi]},
Y. = ¥, exp{ —i[k(xcosy+ysiny) +wi]}, (53)

Input Waves

Fig. 1. A through crack in an electrically conducting Mindlin plate and flexural waves.
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@' = @y exp{—ilk(xcosy+ysiny)+wi]},
Y = Yo exp{—ilk(xcosy+ysiny)+ wi},
f' = foexp{—ilk(xcosy+ysiny)+wil}, (54)

where the superscript i stands for the incident component, (¥4, ¥, 0, ¥.o, @0, Yo, fo) are the
amplitudes of the input waves (W', ¥, ¥., o', /', f"), k is the wave number and o is the
circular frequency. The angle of incidence y lies between the limits — z and = and is measured
from the positive x-axis. The field eqns (10) and (11) in the vacuum can be written as

W, —Hh. =0,

hi.z - hz,x = 0’

hf’,x - hi,y = 0’ (55)
R+, +h, =0 (56)

Outside the plate the external fields are solutions of eqns (55) and (56). Solutions of these
equations which vanish at z= oo and have the wave factor exp[-i{k(xco-
sy+ysiny)+wrt}] are

K = icosyA, exp(—kz)exp{ —ilk(xcosy+ysiny) +wir]} (z = h),

= —icosyd, exp(kz) exp{—ilk(xcosy+ysiny)+wi]} (z<-—h),
B = isinyA, exp(—kz)exp{ —ilk(xcosy+ysiny) +wf} (z >

= —isinyA, exp(kz) exp{ —ilk(xcosy+ysiny)+wt]} (z < —h),
W = A, exp(—kz)exp{ —i[k(xcosy+ysiny)+wt]} (z > h),

= Ay exp(kz) exp{ ~i[k(xcosy+ysinp)+wit]} (z<—h), (57)

where A, is an undetermined constant.
Making use of eqns (57) and (29) renders the x, y-magnetic intensity components
H(x,y, £ h, 1), ki(x,y, £ h 1) and the amplitude f,

K(x,y, +h, 1) = ticosyfyexp{—ilk(xcosy+ysiny)+wi]},
R(x,y, +h 1) = tisinyfy exp{—ilk(xcosy+ysiny)+wi}},
Jo = Ao exp(—kh). (58)
Substituting eqns (53), (54) and (58) into eqns (49)—(51), we obtain

(kh+1)cosyfo+iohy, =0, @, = —iwkeH,cos? ¥4, siny@, = cospy. (59)

Substituting eqns (53) and (54) into egns (52) yields
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dl] d12 dlB
dyy doy dyy|=0, (60)
dyy di, ds;

T[Z 7[2 w 2 w
— = — —kh—2kh|{-—) —2i|— |[,sin?y |k,
s kh¥ ., cos y |: 6 kh—2kh (kcz) l<kc2> & sin y] 05

7 . [=? oV (o -
lgkh‘l’yo = —siny [gkh—ﬂch (E) —2i (}Z) I, sin )}k‘on, (61)

in which ¢, =(u/p)'? is the shear wave velocity and

4(kh)y?r [1— 2 2
dy, = 3((1—)v)< Vsin2 y4Cos y>+-——(kh)2( 2),

6
2(14v)
d, =dy —3(] )(kh) sinycosy,
71'2
d13 = _‘d31 = ——l—6*thOS“/,

4(khy* [, 1—=v 2 LfoY
d22_3(1_v) sin }+——2— cos” y 1+ 3 —g(kh) er)

2

dys = —dy, = —i%khsiny,

2 2
dyy = %(kh) —2(kh)? (—4) —21kh( )I",, sin® y, (62)
r,=ho,,
_ KoM}
4 # b
o, = - hoK,. (63)

The effect of the magnetic field (H,, = Hy, Hy, = Hy, = 0) on the flexural waves at y = n/2
is discussed in Appendix A and the assumption of a quasistatic electromagnetic state is
justified. The dependency of the flexural waves on k# for three directions of the magnetic
field (Ho,= Hoy, Hy, = Hy, = 0;Hyy = Ho, Hy, = Hy. = 0; Hy, = Hy, Hyy, = Hy,=0) is
discussed in Appendix B.

The complete solution of the waves as diffracted by the crack is obtained by adding
the incident and scattered waves, i.e.,

V.(x, 0,0 =¥.(x,p,)+¥ix 0,

Y, (x, 0,0 =¥ (x p, ) +¥i(x,2,0,

W.(x,p, 1) = WX, p, )+ Fix, . 1),
(X, 3, 1) = @' (X, ¥, )+ ¢°(x, , 1),

Y(x,y, 1) = y(x,p, )+ ¥ (x,y,1),
Ax, 3,0 = (x5, )+ (x, p. D). (64)
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where the superscript s stands for the scattered component. Likewise, the plate displace-
ments, moments and shears can also be found by superposing the incident and scattered
parts and the results are obvious. For a traction-free crack, the quantities M,,, M, O,
must each vanish for |x| < ¢ and y = 0. The boundary conditions for the scattered field
become

M., =0 (y=0,0<]x| <), (65)
0:=0 (y=0,0<|x| < 0), (66)
6, =0 (y=0,0<|x| <), (67)
M, =—M, (»y=0,0<|x|<a),

{ » : (68)

Y =0 (v=0,a < |x| < w0),

in which
M, = —ikD¥,(sin’ y+vcos®y) exp[—i(kx cosy+ wr)], (69)
1 1
Y, = __;llj,\'(] = "Pyo' (70)
cos?y siny

In what follows, the exponential time factor exp(—iwf) would be omitted as it always
appears with the quantity ik DW(sin® y + v cos?y) exp(—ikx cosy) as indicated in eqn (69).
We assume that the solutions W, ¥, ¥, ¢.  and f are of the forms

13 (*co
Wi, p) =— 2| A exp[—y,(2)y]exp(—ixx) da,
=1 J-w
Pix) ==Y | B exp[—p(a)] exp(— i) da,
ER
¥.(x,y) =~ -Z, (@) exp [—7,(2)y] exp(—iax) dar, (71
R
ooy = -3 | D exp[—y @] exp(—iox)da,
1 31 (o
Vo) =23 | Efayexp(—y @)yl exp(—ixx)da,
13 (oo
fley)=— _Zl Fy(a) exp [—y(@)y] exp(—ixx) do, (72)

where 4(x), B{(«), C{a), D{(a), E{a), F{) and y,(z) (j = 1,2, 3) are the unknown functions
of the transform variable o to be determined later. It can be shown that the solutions
(h, 15, BY) satisfying eqns (55) and (56) are given by

1 3 % )
hi=inZJ — > — a (@) exp [~y (0)pl exp { —[o® =y} ()] '"*z} exp(— iox)
=1 g —a [0 =7 ()]

(z=h)
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--iny f @ exp [, @y exp {[o — 7 (]2} exp(—iax) d

oo 07 =7} (2)]"

z<—h), (73)

=ty J[ V'()]m (@) exp [~ 3, @)yl exp { — [# = 32()] "2} exp(— iocx) d

’ Ti= '}{,( )
(z=h
= - i J’C '_—/]—("2—_ a(2) exp [—y(@)y) exp {[oa* —y? (a)]' 2z} exp(— ixx) da
TS e [ =y ()]
(z < —h), )
1 3 e]
he = T ; f a,; (@) exp [~y (a)y] exp { —[o? —y? (®)]"?z} exp(— iox) da
(z=h)
1 3 [ee
= Z j a, (@) exp [—y;(2)y] exp {[&* -7} (2)]'*z} exp(— ixx) dat
(z <—h), 75)

where the unknowns a,,(«) and a,(a) (j = 1,2,3) are to be evaluated from the boundary

conditions (29) at |z| =
Making use of eqns (73)~(75) and (29) renders the magnetic intensity components

hd{x,y, £ h, 1), h(x,y, A, 1) and the unknown function Fy(x)

hix,y, +h,t) = +i Z‘:.r N — a, () exp [—y;(2)y]

o [27 =77 ()]

x exp { — [« —y7 («)]'*h} exp(— iax) da,

* ¥,()
h(x,y, £h )=+ - Z J '[——‘y—()‘]ﬁax,(“) exp [—y,(a)y]
x exp { — [o? —y7 ()] '/*h} exp(— iax) der,
Fi(2) = ay,(@) exp { —[2* =y} ()] h}. (76)

Substituting eqns (71), (72) and (76) into eqns (49)-(51), we have

{h.{»- [—m—;;}aF,(a)-f—lO’hE,(a) =0 (/ = 1’2’ 3)7

[0 ~ 9} ()] D;(@) = —iwkyHoa’ Ci(@)  (j=1,2,3),
wEy o) = y,(0)D;(®) (= 1,2,3). 77

Substituting eqns (71) and (72) into eqns (52) yields
y7 (o) +ao ()7} () +bo (2)y7 (%) + co (o) = 0, (78)

[o? —72())4,(2) = iaG,(@)Cil@) (= 1,2,3),
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[ =y} (0)1B;(@) = y()G () Ci(e) (j=1,2,3), (79)

in which

= — 302 + w ’ l ,L +ic }20K0hr
ap(a) = — 3 o0 S+R iw R
bo(@) = 3u* — 202 (—(j%)
N 1 foNV[ /o) : +] w \? ar 120x4h,
(= 2y 2 =1 liw=
RS Wy Wy S Wy 7‘[2 '
'\’ l l 2_]_ ﬂ ’ ﬂ ’ 1 80)
STR)IT ®s\wy) |\ ’ (

col@) = —a®+o (w_0>

) oY\ 1 1200k, 73 (%)
G(o) =" =7 ()—|— ) = +iw C i=1,2,3), 81
;( ) I’j( ) (w0> R 7‘[2 (Xz—'})}!((x) (] ) ( )

and w, = 7c,/2h is the cut-off frequency. Substituting eqns (71) into eqns (52), taking into
account eqns (79), we obtain @(x, y) as

—iwkoHy 1 & [
Olxy) =~ j Hy(@)C,(2) exp[ 7, @)yl exp(—iax)da,  (82)
0 j=1 o
in which
1 /o\ _ 120K,k
d, —E[(a}‘;) —l}lw- R
H(@) =y (@) + M, (@)y; () +Ma(0) (j=1,2,3),
o (Y (L D)y i 1200
M (2) = -2« +<w0) (S+R)+la) R
M()—oc“—ocz 22 l_’_l _{__L 22 _8)_2_1
2 = o) \STR)T RS\w,) | \we
L A PR 83
sl \o iw S (83)
From eqns (51) and (82), we also obtain (x, y) as
—wkeHy 1 & [* Ti(a , o
P(xy) =~ Zf T ¢ o expl—plexp(—iax) da,  (84)
0 J=1 —o a
in which
(85)

Ty(w) = [} (@) + M, ()37 () + M2 ()ly (@) (j=1,2,3),

The boundary conditions (65)—(67) render
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S R(0C/() =0, (86)
/=1
Y [P(x) =7/)]C,() =0, (87)
i T, ()Cia)y =0, (88)
in which
R0 = — Ny @ —aP@) (j=1,2.3), (89)
Nia) = — J_Ii@_ (j=1,2.3), (90)
S
D@L
Plo) = - DXEAD 0 3). 91
@=-BEEE G ) 1)
oh 1
L(@) = o —33@) i [38)+ M (070 + M ()
T 0

21 12010,
- (-‘3) i (= 1,2,3). (92)
YA
Let C(z) be defined as

3

Cla) = Y Pia)Cylw). (93)
j=1

Application of the boundary conditions (68) gives rise to a pair of dual integral equations

- ; Mn e 2 .
f af{x) C(a) exp(—ioex) da = nhl};(sm' v+ veos? y)exp(—ikxcosy) (0 < |x] < a),

Ry

J‘m C(a) exp(—iox)doe = 0 (a < |x| < o),

-0

(94)

in which M. and f{(«) are known as

M, = ikD¥,, (95)

fi0) = S5 V1 ()= GOV (0) — H@ V)], (%)
U(x) = P (o) — P:(0)G () — P5(et) H (o), 97)
o = S OT@ = S,@T,) o5

B S () T:(0) = S5 (0) T (o)’
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S @T: (@)~ S5:@) T ()

) = S T ST (@) 9
S() = Pi@) —7,(@) (=1,2.3). (100)
Vi{e) = —Pia)y (o) +vaN () (j=1,2,3). (101)

The second of eqns (94) would be satisfied if C(x) is taken as

0

Mi . : : v - ! /
C(a) = "5 2(sin® y+ v cos* p)a’ [ J £120, (6o (and) dE + J §W;(8)J) (aaf) d:],
0 .
(102)
where Jo() and J,() being the first kind Bessel functions of order zero and one, and

F = lim fla). (103)

Inserting eqn (102) into the first of eqns (94) yields the Fredholm integral equations of the
second kind :

¢z(é)+J K\ (&, m®,(n)ydn = £'2Jy(kaé cosy), (104)

0

%(5)+J Ky (& W, (n)dn = E'2J, (kaé cosy), (105)

0

where the kernels K,(¢, n) and K,(,#) are given by

L[]

Ki(&m =(én)"‘zj o [}f(a/a)—l]Jo(af)Jo(an) da, (106)
* 11

K:(&m) =(én)”"f x [;f(a/a)—l}J. (€)1 (o) dex. (107)

The moment intensity factor is defined by

K = lim Rr(x—a)]'*M,,(x,0)

X+

=M, <k£)(71:a)]’/z(sir'l2 y+veos? P}, (1) — ¥, (1)]
= MyM,(ra)'*(sin’ y+vcos® p)[@, (1) —i¥,(1)], (108)

in which
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/w1 1 11V 4 fw\ ]2
T==l—) {z+= ——— — | — . 109
o 2(w0> {S+R+[(S R) +RS(w> } (109)
Keep in mind that the factor exp(— iwf) has been suppressed.

4. DISCUSSION OF RESULTS

The elastodynamic plate solution Ref. [7] is recovered when the magnetic field tends
to zero. In the limit as w — 0 at y = x/2, the corresponding static solution of K, = My(na)'”
is obtained. The considered conductor is graphite. The material properties are given in
Table 1. Computed are the numerical values of ®,(1) and ¥,(1) in eqns (104) and (105) for
v = 0.3. The ratio k/k; in eqn (108) is known from w in eqn (60) which can be further

reduced to
k\® kN k\?
in which

_ 2 I 3ev(eY] 1vTleY 2o\
@ _(]-v)k.z_{§[ o2 <55) }EE [(Z’;) +l;<a’0‘) n }]}
2 o\ (1 o] 3—v[/o\V 2(/w .
bi= (1—v)k'f[]_(um) ]JL? [1«(50) }_551?[(55) 'JFIE(a;)Fhsm y}}
¢, = 2 [:1_<—ai)i”:<-g)-) —HE <2>I“,,sin2 yjl. (111)
(1—v)S* Rk} o o T \Wo

The normalized magnetic field of I', = 0.0, 0.01, 0.02 and 0.03 (g, = 0.5) correspond,
respectively, to magnetic induction By = ko, = 0.0, 7.0, 9.9 and 12.2 T (tesla).

Figure 2 shows a plot of the normalized moment intensity factor | K,/ My(na)'?| vs
frequency » normalized against the cut-off frequency w, for flexural waves at normal
incidence, i.e. v = n/2, the ratio ¢/h = 5 and four different values of I', mentioned earlier.
The dashed curve obtained for the case of I, = 0.0 coincides with the purely elastic case.
The quantity |K;/My(ra)"?| for T, = 0.0 is found to be smaller than the static case and
decrease in magnitude as the frequency is increased. As the three curves for I', # 0.0 possess
higher amplitude than that for I, = 0.0, the magnetic field is seen to increase the local
moment with increasing I',. Such an effect dies out at high frequency. The magnetic field
effect for T, = 0.01, 0.02, 0.03 can increase |K;/My(rna)'?| by approximately 25.1, 60.1,
91.3% for w/w, = 0.005 and 6.9, 23.1, 40.4% for w/w, = 0.01 over the corresponding value
for the purely elastic case, respectively. Figures 3-6 show the corresponding results for
y = 7/6, /3, 2n/3 and 57/6. The same gross effect is observed. If w/w, is held constant,
increasing I, increases the dynamic moment intensity factor depending on . Figure 7
shows the effect of ', = 0.03 on the variations of | K;/My(ra)'| for y = n/4, n/2 and a/h = 5.
The effect of I', = 0.03 on the normalized moment intensity factor | Kj/M,(ra)"*| for y = n/2
is larger than that for v = n/4. A typical set of parametric curves for w/w, = 0.01 and

[N

Table 1. Material properties of graphite

Density p Electrical conductivity o Shear modulus u
Material (kg/m" (mho/m) (N/m?)

Graphite 2250 1.25%10° 1.96 x 10°
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0 001 0.02

wi/wg
Fig. 2. Dynamuc bending moment intensity factor | Ki/My(na)'?| vs w/w, (y = 1/2, a/h = 5).

v=03
a/h=
g
= i
R
=
2
e B
rh=0.0
0o 0T T 002

w/wy
Fig. 3. Dynamic bending moment intensity factor | K,/ M{(na)"?| vs w/w, (; = 1/6,a/h = 5).

IKy/My(7 a) 2

S 1 1) B 1Y)

w/wgy
Fig. 4. Dynamic bending moment intensity factor | K,/ M(ra)'?| vs w/w, (y = n/3.aik = 5).
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v=03
r 1
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(IJ/OJO
Fig. 5. Dynamic bending moment intensity factor |K;/Mq(na)'?| vs wjw, (y = 2n/3,a/h = 5).

IKy/My( 7 2)' 2

—_

0 001 0,02

w/wg
Fig. 6. Dynamic bending moment intensity factor [K;/My(na)'?| vs wjw, (y = 57/6,a/h = 5).

w/wg
Fig. 7. Dynamic bending moment intensity factor | K,/ M,(ra)'?| vs w/w, (a/h = 5).
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L =03 1
I am=5 7
I 7—”//24

E "'_______,/ 1
3 57
é-’; 0.5+ 7
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v, — /6
57 /6
w/wo=0.01
! N L a .
0 0.01 0.02 0.03
'y
Fig. 8. Dynamic bending moment intensity factor | Ky My(na)'?| vs T, (wfw, = 0.01,a/h = 5).
1 e T
L w/wy=0.01 v =03 4
.
T N
) b
L
Zo -
vl 8
.
-y N n — N Y " . N
0 /2 7

T

Fig. 9. Dynamic bending moment intensity factor | Ky Mo(na)'?| vs y (w/w, = 0.01, a/h = 3).

a/h = 5 is given in Fig. 8 to illustrate the variation of |K,/My(na)'”| with I',. Note that
| K,/ My(na)'*| approaches 0.661 as w/w, — 0 at ', = 0.0 and 7 = /2, and tends to increase
with increasing I',, depending on y. For v = 0.3, a/h = 5 and w/w, = 0.01, it is observed
that the magnetic field effect of ', = 0.03 can increase |K,/M,(na)'?| by approximately
40.4% (y = n/2), 34.8,19.7% (y = n/3,2n/3), and 5.6, —3.3% (y = n/6, S1/6), respectively.
Figure 9 shows the dependency of |Ky/My(na)"?| on y for w/es, = 0.01, I, = 0, 0.03, and
alk = 5. The effect of the magnetic field on |K,/M,(na)'?| for y = n/2 is more pronounced
than that fory s n/2.

In conclusion, the magneto-elastic analysis of a conducting Mindlin plate with a
through crack subjected to a steady-state magnetic field normal to the crack and an incident
oblique flexural wave has been shown in this study. Mindlin’s theory of plate bending
including dynamic magneto-elastic effects is applied and the results are expressed in terms
of the bending moment intensity factor. A quasistatic ¢lectromagnetic field is assumed for
the plate. The dynamic moment intensity factor decreases with the increase of the frequency
of the input wave w depending on the angle of incidence y, the crack length to the plate-
thickness ratio a/#, the Poisson’s ratio v and the magnetic field I',. The existence of the
magnetic field produces larger values of the dynamic moment intensity factor. A significant
increase in the Jocal moment intensity factor occurs at wave frequency w/w, < 0.02 and
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normal incidence 7 = 7/2, and the magnetic field effect dies out gradually as the frequency
1s increased.
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APPENDIX A

Here, the effect of the magnetic field of H,, = H,, H,. = H,. = 0 on the flexural waves at normal incidence
y = /2 is studied. The conducting plate is permeated by a static uniform magnetic field of H,, = H,. The incident
flexural waves at normal incidence y = n/2 are expressed as follows:

Y, =W exp[—iky+wi)],

W= Wy exp[—itky) + i)l

@' = poexp[—iky+wnl,

W' = Yoexp [ —itky+oi)],

1= foexpl-—itky+wn). (AD)

The external fields outside the plate are

h =0,

B

idgexp(—kz)exp[—itky+wt)] (z= h)

i

—iAdgexp(kz) exp [—itky+ )] (2 < —h),
e = Ay exp(—kz)exp[—ilky+ )] (z2h)
= Agexp(kz)exp[—itky+wn] (z< —h), (A2)
where A4, is an undetermined constant.

Making use of egqns (A2) and (29) renders the x, y-magnetic intensity components A.(x,y, +A,1),
hy.(x,y, +h, 1) and the amplitude f;

Ho(x,y, +h t) =0,
Ry, £ h 1) = L ifyexp[—ithky +w0),
o = Ao exp(—kh). (A3)

Substituting eqns (Al) and (A3) into eqns (33)—(35), we have

'//0 =0,

_ _ _Ckoflai(wike)”
@ (L+kh) —-io,(wikey) 200

ko = wKafy. (Ad)

Substituting eqns (A1) into eqns (45) and (46) yields
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4 8 1 1 2 4 3
—a,,(kh) ( ) +i= (kh) (1+kh) ( ) —[(ETT + 3" )a,,(kh)’+ %_o,,(kh)-k §(kh)2(l +kh) 1",,] (kﬂc)
; 8 1 1 2
31y + n kh)* + —(kh) (1 +kh) ( 5 l—-(kh) (1 +&km)T,

2 1 , @ @\, 2= :
+ o)’ + ~3—(1+kh)1“,,} (kc ) : TA—(kh) (1+kh) =0, (AS5)

n’ 2 He o, (wlke,)* T,
i kn, = —[ kh— 2kh (kh) —2 <EZ;{>”+ i khT—WcZ_)}W“" (A6)

Figure Al shows the variation of the phase velocity Re(w/kc,) with the wave number kA forI', = 0.03 (B, = 12.2T),
v = 0.3, 6, = 0.5. The dashed curve refers to a quasistatic electromagnetic field. Figure A2 also shows the variation
of the attenuation — Im(ew/kc,) with the wave number k4 for I', = 0.03 (B, = 12.2T), v = 0.3, 5, = 0.5. The effect
of the magnetic field on Re(w/kc,) 1s observed at wave number kh < 0.3. The result justifies the assumption of a
quasistatic electromagnetic field.

0.6

041
3
]

0.2t

i 7" /" Quasistatic Electromagnetic
P Field
I/’
1 1 1 )
0 0.2 0.4 0.6
kh

Fig. Al. Phase velocity Re(w/kc,) vs wave number kh.

0.6—
i
! ,=0.03
‘\l v =03
. 04 !
g
S r : .
E Quasistatic Electromagnetic
T Field
0.2
0 02 04 06

kh

Fig. A2. Attenuation —Im(w/kc,) vs wave number kh.
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APPENDIX B

The dependency of the flexural wave on k# for three magnetic fields of H,, = Hy, H,, = Hy. = 0 (Case 1),
Hy, = Ho, Hy, = H,. =0 (Case 1I), H,, = Hy, Hy, = Hy, =0 (Case III) is studied. The conducting plate is
permeated by a static uniform magnetic field Hy. A quasistatic electromagnetic field is assumed for the plate.

(a) Casel (H,, = Hy, Hy, = Hy, = 0)
Substituting eqns (A1) and {A3) into eqns (33), (34) and (51), we have

Yo = iwcgHo .o,

@ =fo =0.

Substituting eqns (A1) into eqns (45) and (46) yields

4 (o 4 o\ 81 1.\ . =Y
Eh (E) UL, (1«:) “[<§1—v+9” U™+ 3 kvz)

2 2
— 2 kT, (/%)* 5 *A(kh)z =0,

(b) Case ll (H,y, = Hy, Hy, = Hy, = 0)
From eqn (60). we also have the frequency equation for Case Il (H,, = H,, H,, = H,. = 0) as

3\ 8§ 1 1 2
—(kh) ( > +iz (kh) r, (kc ) -[<§l—+ n )(kh) + (kh)]( )

3 1 o) 27 1
— [;-—*(kh) + }l",, (Eﬁ)-rT*(k/) =0.

(c) Case lIl (H,. = H,, Hy, = Hy, = 0)
Substituting eqns (A1) and (A3) into eqns (33). (34) and (51), we have

Qo =Y =fo =0

Substituting eqns (A1) into eqns (45) and (46) yields

4 ! g8 1 i S TECAY
~(kh) ( ) +iz (kh)r,,< c:) [(ii_+ -7t )(kh) + T] <k('2)

n? w 2n 1 ,
— %G, (H)Jr Stk =0,

9

7’ n? w \?
e [ a2 o

(B}

(B2)

(B3)

(B4)

(BS)

(B6)

(B7)

Figure Bl shows the variation of the phase velocity Re(w/kc;) with the wave number kh for [, = 0.03
(B, =12.2T), v = 0.3, 6, = 0.5. The curves obtained for the x, z-direction magnetic fields (Cases 1, 111) almost
coincide with the purely elastic case. Figure B2 also shows the variation of the attenuation — lm(w/ktz) with the
wave number kh for I', = 0.03 (B, = 12.2T), v = 0.3, g, = 0.5. The effect of the y-direction magnetic field (Case

11) on flexural waves 1s more pronounced than those of x, z-direction magnetic fields (Cases 1, 111).
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Fig. B1. Phase velocity Re(w/kc,) vs wave number kh (quasistatic electromagnetic field).
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Fig. B2. Attenuation — Im(w/kc,) vs wave number kk (quasistatic electromagnetic field).
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